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I. Context



I.1-Medical motivations

Classical policy learning: Given patient’s characteristics, 
          determine the optimal treatment maximizing each patient’s outcome  

Find the optimal hormone dose to maximize the number of oocyte produced

IVF example: 
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I.1-Medical motivations

Find the optimal hormone dose to maximize the number of oocyte produced

IVF example: 

Our goal: Given patient’s characteristics, 
   determine the optimal treatment maximizing each patient’s outcome
   while controlling an adverse event 

Find the optimal hormone dose to maximize the number of oocyte produced 
while avoiding ovarian hyperstimulation

IVF example: 
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Classical policy learning: Given patient’s characteristics, 
          determine the optimal treatment maximizing each patient’s outcome  



I.2-Mathematical framework 

4

Set of independent and identically distributed subjects

Covariates:  
𝑋! ∈ 𝒳

𝐴! ∈ {0,1}
Binary treatment:  



I.2-Mathematical framework 

4

Set of independent and identically distributed subjects

Potential outcomes [1]:
  𝑌! 𝑎 ∈ [0,1], 𝑎 ∈ 0,1

Observed primary outcome: 
𝑌! = 𝑌! 𝐴! ∈ [0,1]

𝑌! 0 𝑌! 1

𝑋! ∈ 𝒳

𝐴! ∈ {0,1}



I.2-Mathematical framework 

4

Set of independent and identically distributed subjects

𝑋! ∈ 𝒳

𝑌! 0 𝑌! 1

𝐴! ∈ {0,1}

𝜉! 0 𝜉! 1

Potential outcomes [1]:
  𝜉! 𝑎 ∈ 0,1 ,

𝑎 ∈ 0,1

Observed adverse event: 
𝜉! = 𝜉! 𝐴! ∈ {0,1}

Observed primary outcome: 
𝑌! = 𝑌! 𝐴! ∈ [0,1]



I.2-Mathematical framework 

4

Set of independent and identically distributed subjects

𝑋! ∈ 𝒳

𝑌! 0 𝑌! 1

𝐴! ∈ {0,1}

𝜉! 0 𝜉! 1

Observed adverse event: 
𝜉! = 𝜉! 𝐴! ∈ {0,1}

𝒪! = 𝑋! , 𝐴! , 𝑌! , 𝜉! ∼ 𝑃Observed primary outcome: 
𝑌! = 𝑌! 𝐴! ∈ [0,1]



I.2-Policy learning framework
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Policy: 𝜋 ∈ Π maps patient’s characteristics to a treatment decision 𝜋 ∶ 𝑋 → 0,1 or [0,1]



Covariates Treatment 𝝁 𝟎, 𝑿 𝝁 𝟏, 𝑿 𝚫𝝁(𝑿) 𝝅∗(𝑿)

4  |  1 | a 1 NA 0.9 NA ?

10 |  0 | b 0 0.6 NA NA ?

2  |  1 | a 0 0.3 NA NA ?

I.2-Policy learning framework

5

Classical policy learning: Find the value-optimal policy 𝜋∗, maximizing the average outcome if 𝜋 is followed,
𝑥 ↦ 𝜋∗ 𝑥 = 𝟏{Δ𝜇 𝑥 > 0}

𝜇 𝑎, 𝑥 = 𝐸[𝑌|𝑎, 𝑥]
Δ𝜇 𝑥 = 𝜇 1, 𝑥 − 𝜇 0, 𝑥

Policy: 𝜋 ∈ Π maps patient’s characteristics to a treatment decision 𝜋 ∶ 𝑋 → 0,1 or [0,1]



I.2-Policy learning framework
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1- Direct: Predict sign of Δ𝜇 𝑋

2- Indirect: Plug-in an estimation of Δ𝜇
𝑥 ↦ =𝜋∗ 𝑥 = 𝟏{Δ? 𝜇# 𝑥 > 0}

>
<

<

Covariates Treatment *𝝁𝒏 𝟎, 𝑿 *𝝁𝒏 𝟏, 𝑿 +𝚫𝝁𝒏(𝑿) *𝝅∗(𝑿)

4  |  1 | a 1 0.7 0.9 0.2 1

10 |  0 | b 0 0.6 0.3 -0.3 0

2  |  1 | a 0 0.3 0.4 0.1 1

𝜇 𝑎, 𝑥 = 𝐸[𝑌|𝑎, 𝑥]
Δ𝜇 𝑥 = 𝜇 1, 𝑥 − 𝜇 0, 𝑥

Classical policy learning: Find the value-optimal policy 𝜋∗, maximizing the average outcome if 𝜋 is followed,
𝑥 ↦ 𝜋∗ 𝑥 = 𝟏{Δ𝜇 𝑥 > 0}

Policy: 𝜋 ∈ Π maps patient’s characteristics to a treatment decision 𝜋 ∶ 𝑋 → 0,1 or [0,1]



I.2-Policy learning framework
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1- Direct: Predict sign of Δ𝜇 𝑋

Relies on quality of estimator 𝜇̂#
Problematic values with some estimators

Covariates Treatment *𝝁𝒏 𝟎, 𝑿 *𝝁𝒏 𝟏, 𝑿 +𝚫𝝁𝒏(𝑿) *𝝅∗(𝑿)

4  |  1 | a 1 0.7 0.9 0.2 1

10 |  0 | b 0 0.6 0.3 -0.3 0

2  |  1 | a 0 0.3 0.4 0.1 1

>
<

<

𝜇 𝑎, 𝑥 = 𝐸[𝑌|𝑎, 𝑥]
Δ𝜇 𝑥 = 𝜇 1, 𝑥 − 𝜇 0, 𝑥

Classical policy learning: Find the value-optimal policy 𝜋∗, maximizing the average outcome if 𝜋 is followed,
𝑥 ↦ 𝜋∗ 𝑥 = 𝟏{Δ𝜇 𝑥 > 0}

2- Indirect: Plug-in an estimation of Δ𝜇
𝑥 ↦ =𝜋∗ 𝑥 = 𝟏{Δ? 𝜇# 𝑥 > 0}

Policy: 𝜋 ∈ Π maps patient’s characteristics to a treatment decision 𝜋 ∶ 𝑋 → 0,1 or [0,1]



II. Methods



II.1- Problem formulation
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EP-learning [2]: Efficient plug-in risk estimator
  1- Plug-in efficient estimator of Δ𝜇
  2- Minimize risk (1) for 𝜓 ∈ Ψ

𝑅:𝜓 ↦ 𝐸[𝜓 𝑋 $ − 2𝜓 𝑋 ⋅ Δ𝜇(𝑋)]   (1) 

Overlooks adverse events  (convex space) 



II.1- Problem formulation
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Add constraint: Guarantee that 𝜋 does not increase the average probability of adverse event beyond 𝛼 ∈ 0, %
$

𝑅:𝜓 ↦ 𝐸[𝜓 𝑋 $ − 2𝜓 𝑋 ⋅ Δ𝜇(𝑋)]   (1) 

Overlooks adverse events  

𝜈 𝐴, 𝑋 = 𝐸[𝜉|𝐴, 𝑋]
Δ𝜈 𝑋 = 𝜈 1, 𝑋 − 𝜈 0, 𝑋

EP-learning [2]: Efficient plug-in risk estimator
  1- Plug-in efficient estimator of Δ𝜇
  2- Minimize risk (1) for 𝜓 ∈ Ψ



II.1- Problem formulation
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Overcome differentiability issues 
& strongly convex 

Confidence measure in treatment
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Policy reformulation:

𝑅:𝜓 ↦ 𝐸[𝜓 𝑋 $ − 2𝜓 𝑋 ⋅ Δ𝜇(𝑋)]   (1) EP-learning [2]: Efficient plug-in risk estimator
  1- Plug-in efficient estimator of Δ𝜇
  2- Minimize risk (1) for 𝜓 ∈ Ψ

Add constraint: Guarantee that 𝜋 does not increase the average probability of adverse event beyond 𝛼 ∈ 0, %
$

𝜈 𝐴, 𝑋 = 𝐸[𝜉|𝐴, 𝑋]
Δ𝜈 𝑋 = 𝜈 1, 𝑋 − 𝜈 0, 𝑋



II.1- Problem formulation
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𝑆: 𝜓 ↦ 𝐸 𝜎& ∘ 𝜓 𝑋 ⋅ Δ𝜈 𝑋 − 𝛼   (2)

𝜋 𝑋

Assumption: Treated patients are more likely to suffer from an adverse event, that is: Δ𝜈 𝑋 ≥ 0 

𝑅:𝜓 ↦ 𝐸[𝜓 𝑋 $ − 2𝜓 𝑋 ⋅ Δ𝜇(𝑋)]   (1) EP-learning [2]: Efficient plug-in risk estimator
  1- Plug-in efficient estimator of Δ𝜇
  2- Minimize risk (1) for 𝜓 ∈ Ψ

Add constraint: Guarantee that 𝜋 does not increase the average probability of adverse event beyond 𝛼 ∈ 0, %
$

𝜈 𝐴, 𝑋 = 𝐸[𝜉|𝐴, 𝑋]
Δ𝜈 𝑋 = 𝜈 1, 𝑋 − 𝜈 0, 𝑋



II.1- Problem formulation
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𝑆: 𝜓 ↦ 𝐸 𝜎& ∘ 𝜓 𝑋 ⋅ Δ𝜈 𝑋 − 𝛼   (2)

Minimize 𝑅 𝜓 w.r.t 𝜓 ∈ Ψ
s.t. 𝑆 𝜓 ≤ 0 

Policy optimization objective

ℒ ∶ Ψ×ℝ' → ℝ

𝜓, 𝜆 ↦ 𝑅 𝜓 + 𝜆𝑆(𝜓)

Lagrangian

𝑅:𝜓 ↦ 𝐸[𝜓 𝑋 $ − 2𝜓 𝑋 ⋅ Δ𝜇(𝑋)]   (1) EP-learning [2]: Efficient plug-in risk estimator
  1- Plug-in efficient estimator of Δ𝜇
  2- Minimize risk (1) for 𝜓 ∈ Ψ

Add constraint: Guarantee that 𝜋 does not increase the average probability of adverse event beyond 𝛼 ∈ 0, %
$

𝜈 𝐴, 𝑋 = 𝐸[𝜉|𝐴, 𝑋]
Δ𝜈 𝑋 = 𝜈 1, 𝑋 − 𝜈 0, 𝑋



𝜓, 𝜆 ↦ 𝑅 𝜓 + 𝜆𝑆(𝜓)

ℒ ∶ Ψ×ℝ' → ℝ

II.1- Problem formulation

8

𝑆: 𝜓 ↦ 𝐸 𝜎& ∘ 𝜓 𝑋 ⋅ Δ𝜈 𝑋 − 𝛼   (2)

Minimize 𝑅 𝜓 w.r.t 𝜓 ∈ Ψ
s.t. 𝑆 𝜓 ≤ 0 

Policy optimization objective
Lagrangian

𝑅:𝜓 ↦ 𝐸[𝜓 𝑋 $ − 2𝜓 𝑋 ⋅ Δ𝜇(𝑋)]   (1) 

Parameters to fine-tune:
- 𝛽 policy definition - 𝜆  weight given to constraint

EP-learning [2]: Efficient plug-in risk estimator
  1- Plug-in efficient estimator of Δ𝜇
  2- Minimize risk (1) for 𝜓 ∈ Ψ

Add constraint: Guarantee that 𝜋 does not increase the average probability of adverse event beyond 𝛼 ∈ 0, %
$

𝜈 𝐴, 𝑋 = 𝐸[𝜉|𝐴, 𝑋]
Δ𝜈 𝑋 = 𝜈 1, 𝑋 − 𝜈 0, 𝑋



II.2- Algorithm: EP-learner for constrained policy estimation
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1- Estimate 𝐽 cross-validated nuisance parameters: 𝜇̂#,) , 𝜈̂#,)

for 𝑗 = 1, … , J-1 do:

    for 𝛽 ∈ 𝐵 do:

        for 𝜆 ∈ Λ do:

 2.1- Plug-in 𝜇̂#,) , 𝜈̂#,) in the objective function: hℒ#,) 𝜓, 𝜆 ↦ i𝑅#,) 𝜓 + 𝜆 h𝑆#,) 𝜓 (4)

2.2- Obtain minimizer of (4): i𝜓#,) ∈ argmin{ hℒ#,) 𝜓, 𝜆 : 𝜓 ∈ 𝛹} [Frank-Wolfe algorithm, 3]

3- Identify the optimal 𝛽*+, and 𝜆*+,

4- Obtain i𝜓# minimizer of hℒ#,-(𝜓, 𝜆*+,)

return =𝜋 𝑋 = 𝜎&"#$ ∘ i𝜓#(𝑋) 



III. Results



III.1- Results: synthetic data
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III.1- Results: synthetic data 
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IV. Discussion



Discussion
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Perspectives:

• Correct plug-in hℒ#(𝜓), while preserving strong-convexity

• Alternated optimization-estimator correction

• Compare to state of the art constrained policy optimization techniques

• Formulated a policy optimization problem with constraints

• Defined a strongly convex policy in a probabilistic style (in [0, 1])

• Adapted the EP-learner for multiple outcomes 

• Optimizing policy in a convex function space using the Frank-Wolfe algorithm



Thank you!
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Bias of objective function estimator

Minimize ℒ ∶ 𝜓 ↦ 𝐸 𝜓(𝑋)$ − 2𝜓(𝑋) ⋅ Δ𝜇(𝑋) + 𝜆𝜎& ∘ 𝜓(𝑋) ⋅ Δ𝜈(𝑋) − 𝜆𝛼 𝜇, 𝜈 unknown 

Plug-in estimator: hℒ#: 𝜓 ↦ 𝐸8( 𝜓(𝑋)
$ − 2𝜓(𝑋) ⋅ kΔ𝜇#(𝑋) + 𝜆𝜎& ∘ 𝜓(𝑋) ⋅ kΔ𝜈#(𝑋) − 𝜆𝛼 

Solution



Bias of objective function estimator

Evaluation via 
EIC derivation of 
ℱ: 𝑃 ↦ ℒ8 𝜓  

𝐸𝐼𝐶ℱ 𝑃 𝑋, 𝐴, 𝑌, 𝜉 = ∇%ℱ(𝑃) + ∇$ℱ(𝑃)

𝐸 ∇$ℱ 𝑃 = 0

𝐸 ∇%ℱ 𝑃 (𝑋, 𝐴, 𝑌, 𝜉) = 𝐸
2𝐴 − 1
𝑃 𝐴|𝑋 −2𝜓 𝑋 ⋅ 𝑌 − 𝜇 𝐴, 𝑋 + 𝜆𝜎& ∘ 𝜓 𝑋 ⋅ 𝜉 − 𝜈 𝐴, 𝑋

Estimator bias

Non-convex function of 𝜓 

Minimize ℒ ∶ 𝜓 ↦ 𝐸 𝜓(𝑋)$ − 2𝜓(𝑋) ⋅ Δ𝜇(𝑋) + 𝜆𝜎& ∘ 𝜓(𝑋) ⋅ Δ𝜈(𝑋) − 𝜆𝛼 𝜇, 𝜈 unknown 

Plug-in estimator: hℒ#: 𝜓 ↦ 𝐸8( 𝜓(𝑋)
$ − 2𝜓(𝑋) ⋅ kΔ𝜇#(𝑋) + 𝜆𝜎& ∘ 𝜓(𝑋) ⋅ kΔ𝜈#(𝑋) − 𝜆𝛼 

Solution



II.2- Algorithm: Alternated procedure 

1- Estimate 𝐽 cross-validated nuisance parameters: 𝜇̂#,) , 𝜈̂#,)

for 𝑗 = 1, … , 𝐽-1 do:

    for 𝛽 ∈ 𝐵 do:

        for 𝜆 ∈ Λ do:

 2- Run iteratively alternated procedure for fixed 𝛽, 𝜆: 

• Minimize hℒ#,): : i𝜓#,): ∈ argmin{ hℒ#,): 𝜓, 𝜆 : 𝜓 ∈ 𝛹}

• Correct hℒ#,):  by adjusting nuissance parameters 𝜇̂#,) , 𝜈̂#,) for fixed i𝜓#,):

3- Identify the optimal 𝛽*+, and 𝜆*+,

4- Obtain i𝜓# minimizer of hℒ#,-: (𝜓, 𝜆*+,)

return =𝜋 𝑋 = 𝜎&"#$ ∘ i𝜓#(𝑋) 



II.2- Algorithm: Alternated procedure 

Require: 𝜆, 𝛽, 𝜇̂#,) , 𝜈̂#,) , 𝒆𝒏, 𝜸, max_iter

Initialization: 

      t𝝁𝒏,𝒋𝟎 (𝝐𝟏) = 𝜇̂#,), 𝜈̂𝒏,𝒋𝟎 (𝝐𝟐) = 𝜈̂#,)

𝜓#,)@ ∈ argmin{ hℒ#,)@ 𝜓, 𝜆 : 𝜓 ∈ 𝛹} [Frank-Wolfe algorithm, 3]

𝜖 ∈ argmin ℓ#: 𝜖 = y
A%
#
∑!B%# 𝑌! log(𝜇̂#:(𝜖%)) + (1 − 𝑌!) log(1 − 𝜇̂#:(𝜖%))

A%
#
∑!B%# 𝜉!log(𝜈̂#:(𝜖$)) + (1 − 𝜉!) log(1 − 𝜈̂#:(𝜖$))

	

Nuisance	parameter	update:	
𝜇̂#,): (𝜖%) = expit(logit(𝜇̂#,)@ ) + $CA%

D((C,E)
∑𝜖%,F i𝜓F(𝑋))						𝜈̂#,): (𝜖$) = expit(logit(𝜈̂#,)@ ) + $CA%

D((C,E)
∑𝜖$,F𝜎& ∘ i𝜓F(𝑋))

𝑘 = 𝑘 + 1 

Correction:

Optimization:

Optimization:

i𝜓#,): ∈ argmin{ hℒ#,): 𝜓, 𝜆 : 𝜓 ∈ 𝛹} [Frank-Wolfe algorithm, 3]

While ∑( i𝜓#,):A% − i𝜓#,): )$ < 𝛾 & 𝑘 < max_iter:



III.2- Results: synthetic data, second scenario
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III.2- Results: synthetic data, second scenario
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