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I. Context



Medical motivations

6

Given patient’s characteristics, what is the optimal treatment to give to maximize each patient’s outcome  

→ Causal inference, policy learning 

Gonadotrophin dose classes (treatment)

➢ Dose 1

Example: 

… ➢ Dose K

Find the optimal hormone dose to maximize the number of oocyte produced (under no-hyperstimulation 
constraint) 



I.1-Mathematical framework 
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Set of independent and identically distributed subjects

➢ Covariates:  𝑋𝑖 ∈ 𝒳

➢ Binary action: 𝑊𝑖 ∈ 𝒲 = {0,1}

➢ Potential outcomes:  𝑌𝑖 𝑤 ∈ 𝒴, 𝑤 ∈ {0,1}
 𝑌𝑖 0 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑖𝑛 𝑎 𝑤𝑜𝑟𝑙𝑑 𝑤ℎ𝑒𝑟𝑒 𝑤 = 0
 𝑌𝑖 1 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑖𝑛 𝑎 𝑤𝑜𝑟𝑙𝑑 𝑤ℎ𝑒𝑟𝑒 𝑤 = 1
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➢ Observed outcome: 𝑌𝑖 = 𝑌𝑖(𝑊𝑖) ∈ 𝒴



I.1-Mathematical framework 
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Set of independent and identically distributed subjects

➢ Covariates:  𝑋𝑖 ∈ 𝒳

➢ Binary action: 𝑊𝑖 ∈ 𝒲 = {0,1}

➢ Potential outcomes:  𝑌𝑖 𝑤 ∈ 𝒴, 𝑤 ∈ {0,1}
 𝑌𝑖 0 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑖𝑛 𝑎 𝑤𝑜𝑟𝑙𝑑 𝑤ℎ𝑒𝑟𝑒 𝑤 = 0
 𝑌𝑖 1 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑖𝑛 𝑎 𝑤𝑜𝑟𝑙𝑑 𝑤ℎ𝑒𝑟𝑒 𝑤 = 1
 

➢ Observed outcome: 𝑌𝑖 = 𝑌𝑖(𝑊𝑖) ∈ 𝒴

➢ Complete data-structure:  𝕆𝑖 = 𝑋𝑖, 𝑌𝑖 1 , 𝑌𝑖 0 ,𝑊𝑖, 𝑌𝑖 ~ℙ0

➢ Observation: 𝒪𝑖 = 𝑋𝑖,𝑊𝑖, 𝑌𝑖 ∼ 𝑃0



II. Methods



II.1- Measures of causal effect



II.1.1- Average treatment effect



I.2.1-Average treatment effect

11

Individual treatment effect:  Δ𝑖 = 𝑌𝑖(1) − 𝑌𝑖(0)

Average treatment effect:
  𝜃ℙ0 = 𝔼ℙ0 Δ = 𝔼ℙ0[𝑌(1) − 𝑌 0 ] 

vs.

Represents the mean effect of treatment over a population 



I.2.1-Average treatment effect
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Individual treatment effect:  Δ𝑖 = 𝑌𝑖(1) − 𝑌𝑖(0)

Average treatment effect:
  𝜃ℙ0 = 𝔼ℙ0 Δ = 𝔼ℙ0[𝑌(1) − 𝑌 0 ] 

vs.

𝜃ℙ0 = 𝔼ℙ0[𝑌(1) − 𝑌 0 ] = 𝔼ℙ0[𝑌 1 ] − 𝔼ℙ0[𝑌 0 ]

≜ 𝔼𝑃0 𝑌 𝑊 = 1 − 𝔼𝑃0 𝑌 𝑊 = 0 = 𝔼𝑃0[ 𝔼𝑃0 𝑌 𝑊 = 1, 𝑋 − 𝔼𝑃0 𝑌 𝑊 = 0, 𝑋 ]

Represents the mean effect of treatment over a population 

W

A
B
B

A

Observational data:  𝑂𝑖 = (𝑋𝑖 ,𝑊𝑖 , 𝑌𝑖)~ 𝑃0

Assumptions:

1. SUTVA: 𝑌𝑖 = 𝑌𝑖 𝑊𝑖

2. Overlap: 𝜂 < 𝑃0 𝑊 = 1 𝑋 < 1 − 𝜂, for 𝜂>0

3. Unconfoundedness:  𝑌 𝑤 ⊥ 𝑊|𝑋, 𝑤 ∈ 0,1

Average treatment effect estimation: 



I.2.1-Average treatment effect estimators

Average treatment effect:

𝜓𝐼𝑃𝑊,𝑛 = 𝔼𝑃𝑛
2𝑊 − 1 𝑌

෠𝑃𝑛 𝑊 = 𝑤 𝑋 = 𝑥
=

1

𝑛
෍

𝑖=1

𝑛
2𝑊𝑖 − 1

෠𝑃𝑛 𝑊 =𝑊𝑖 𝑋 = 𝑋𝑖
𝑌𝑖

𝜓𝐺−𝑐𝑜𝑚𝑝,𝑛 = 𝔼𝑃𝑛 Ƹ𝜇 1,𝑛 𝑋 − Ƹ𝜇 0,𝑛 𝑋 =
1

𝑛
෍

𝑖=1

𝑛

Ƹ𝜇 1,𝑛 𝑋𝑖 − Ƹ𝜇 0,𝑛 𝑋𝑖

Outcome
(𝑌)

Age(𝑋)

𝑊 = 1

𝑊 = 0

Ƹ𝜇 1,𝑛 𝑋 = ෡𝔼𝑃𝑛[𝑌|𝑊 = 1, 𝑋]

Ƹ𝜇 0,𝑛 𝑋 = ෡𝔼𝑃𝑛[𝑌|𝑊 = 0, 𝑋]
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I.2.1-Average treatment effect estimators

Average Treatment effect:

𝜓𝐼𝑃𝑊,𝑛 = 𝔼𝑃𝑛
2𝑊 − 1 𝑌

෠𝑃𝑛 𝑊 = 𝑤 𝑋 = 𝑥
=

1

𝑛
෍

𝑖=1

𝑛
2𝑊𝑖 − 1

෠𝑃𝑛 𝑊 =𝑊𝑖 𝑋 = 𝑋𝑖
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𝜓𝐺−𝑐𝑜𝑚𝑝,𝑛 = 𝔼𝑃𝑛 Ƹ𝜇 1,𝑛 𝑋 − Ƹ𝜇 0,𝑛 𝑋 =
1

𝑛
෍

𝑖=1

𝑛

Ƹ𝜇 1,𝑛 𝑋𝑖 − Ƹ𝜇 0,𝑛 𝑋𝑖

Double robust estimators

→ Augmented IPW / One-step correction estimator

→ Targeted MLE

Outcome
(𝑌)

Age(𝑋)

𝑊 = 1

𝑊 = 0

Ƹ𝜇 1,𝑛 𝑋 = ෡𝔼𝑃𝑛[𝑌|𝑊 = 1, 𝑋]

Ƹ𝜇 0,𝑛 𝑋 = ෡𝔼𝑃𝑛[𝑌|𝑊 = 0, 𝑋]
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II.1.1-ATE double robust estimators
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Normal framework:

Representation of the relationship between: 

- Observed data 

- the empirical distribution (𝑃𝑛)

- the parameter of interest 𝜓(𝑃0)

-ℳ: set of distributions st. 𝜓 𝑃0 well defined

-𝜓 𝑃0 = 𝔼𝑃0[ 𝔼𝑃0 𝑌 𝑊 = 1, 𝑋 − 𝔼𝑃0 𝑌 𝑊 = 0, 𝑋 ]

-𝜓 𝑃𝑛 = 𝔼𝑃𝑛[
෡𝔼𝑃𝑛 𝑌 𝑊 = 1, 𝑋 − ෡𝔼𝑃𝑛 𝑌 𝑊 = 0, 𝑋 ]

where: 



II.1.1- ATE double robust estimators
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Normal framework:

𝑋 discrete:  

⇒ Estimation of ෡𝔼𝑃𝑛 𝑌 𝑊,𝑋  : direct 

Representation of the relationship between: 

- Observed data 

- the empirical distribution (𝑃𝑛)

- the parameter of interest 𝜓(𝑃0)



II.1.1- ATE double robust estimators
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Case: 𝑃𝑛 ∉ ℳ 

𝑋 non-discrete  
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Case: 𝑃𝑛 ∉ ℳ 

Consequences: 

→ Restrinctive assumptions on model class

or

→ Using algorithms to estimate: ෡𝔼𝑃𝑛 𝑌 𝑊,𝑋

→ slower convergence rate

→ bias

𝑋 non-discrete  



II.1.1- ATE double robust estimators
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𝜓 𝑃 = 𝜓 𝑃0 − 𝔼𝑃0 𝜑 𝑂; 𝑃 + 𝑅𝑒𝑚𝑃0(𝑃)

Influence function (IF) 𝑜𝑝(
1

𝑛
) 
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𝜓 𝑃 = 𝜓 𝑃0 − 𝔼𝑃0 𝜑 𝑂; 𝑃 + 𝑅𝑒𝑚𝑃0(𝑃)

Influence function (IF) 𝑜𝑝(
1

𝑛
) Assumptions: 

1- 𝜑 𝑂; 𝑃 ∈ ℒ0
2 𝑃 = 𝜑 𝑂; 𝑃 : 𝔼𝑃 𝜑 𝑂; 𝑃 = 0 &𝔼𝑃 𝜑 𝑂; 𝑃 2 < ∞

2- ∃𝑃∞ ∈ ℳ such that 𝜑 𝑂; 𝑃 − 𝜑(𝑂; 𝑃∞) 2,𝑝
𝑛→∞

0 

𝜓 𝑃 − 𝜓 𝑃0 = 𝑎 + 𝑏 − 𝑐 + 𝑜𝑝(
1

𝑛
) 

𝑎) 𝔼𝑃𝑛 𝜑 𝑂; 𝑃∞ − 𝔼𝑃0 𝜑 𝑂; 𝑃∞ ⇒ 𝑛(𝔼𝑃𝑛 𝜑 𝑂; 𝑃∞ − 𝔼𝑃0 𝜑 𝑂; 𝑃∞ ) → 𝒩(0, 𝑉𝑎𝑟𝑃(𝑂; 𝑃∞)(𝑂))

𝑏) (𝔼𝑃𝑛 𝜑 𝑂; 𝑃 − 𝔼𝑃𝑛 𝜑 𝑂; 𝑃∞ ) − (𝔼𝑃0 𝜑 𝑂; 𝑃 − 𝔼𝑃0 𝜑 𝑂; 𝑃∞ ) = 𝑜𝑝(
1

𝑛
)

𝑐) 𝔼𝑃𝑛 𝜑 𝑂; 𝑃 : random term!



II.1.1- ATE double robust estimators
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Augmented IPW 

𝜓 𝑃 = 𝜓 𝑃0 − 𝔼𝑃0 𝜑 𝑂; 𝑃 + 𝑅𝑒𝑚𝑃0(𝑃) ⇒ 𝜓 𝑃 − 𝜓 𝑃0 = 𝑎 + 𝑏 − 𝑐 + 𝑜𝑝(
1

𝑛
) 

Solution: 

𝜓𝐴𝐼𝑃𝑊 𝑃 = 𝜓 𝑃 + 𝑐 = 𝜓 𝑃  + 𝔼𝑃𝑛 𝜑 𝑂; 𝑃 = 𝜓 𝑃 +
1

𝑛
σ𝑖=1
𝑛 𝜑 𝑂𝑖; 𝑃   

Objective: compute 𝝋 𝑶;𝑷 !  
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Augmented IPW 

𝜓 𝑃 = 𝜓 𝑃0 − 𝔼𝑃0 𝜑 𝑂; 𝑃 + 𝑅𝑒𝑚𝑃0(𝑃) ⇒ 𝜓 𝑃 − 𝜓 𝑃0 = 𝑎 + 𝑏 − 𝑐 + 𝑜𝑝(
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𝑛
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𝜓𝐴𝐼𝑃𝑊 𝑃 = 𝜓 𝑃 + 𝑐 = 𝜓 𝑃  + 𝔼𝑃𝑛 𝜑 𝑂; 𝑃

𝜓𝐴𝐼𝑃𝑊 𝑃 = 𝔼𝑃[ ෡𝔼𝑃 𝑌|𝑋,𝑊 = 1 − ෡𝔼𝑃 𝑌|𝑋,𝑊 = 0

+
1𝑊=1

𝑃(𝑊=1|𝑋=𝑥)
(Y− ෡𝔼𝑃 𝑌|𝑋,𝑊 = 1 −

1−1𝑊=1

1−𝑃(𝑊=1|𝑋=𝑥)
(Y− ෡𝔼𝑃 𝑌|𝑋,𝑊 = 0 )] 

𝜓𝐴𝐼𝑃𝑊 𝑃 = 𝜓 𝑃 + 𝑐 = 𝜓 𝑃  + 𝔼𝑃𝑛 𝜑 𝑂; 𝑃 = 𝜓 𝑃 +
1

𝑛
σ𝑖=1
𝑛 𝜑 𝑂𝑖; 𝑃   

Objective: compute 𝝋 𝑶;𝑷 !  



II.1.1- ATE double robust estimators
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Targeted Maximum Likelihood Estimator (TMLE) Performs the bias correction in the regression space 𝑄 

- Build initial estimators

- Regression: 𝑄 𝑃 ∈ 𝑄

- Propensity score: 𝐺 𝑃 ∈ 𝐺

- Build our fluctuation: 

Correct initial regressionQ(Pn), s.t. :     

𝑐 = 𝔼𝑃𝑛 𝜑 𝑂; 𝑃 = 0

- Estimate𝝍(𝑷𝟎)with corrected regression!

𝑓 𝐹

= ෡𝔼𝑃𝑛 𝑌|𝑋,𝑊 = 0

= ෠𝑃𝑛 (𝑊 = 1|𝑋)

𝑓 𝐹



II.1.2- Conditional average 
treatment effect



Conditional average treatment effect:

 𝐶𝐴𝑇𝐸ℙ0 𝑥 = 𝔼ℙ0 Δ |X = 𝑥 = 𝔼ℙ0 𝑌 1 − 𝑌 0 𝑋 = 𝑥] 

I.2.2-Conditional average treatment effect

19

Example: 𝑋 = 𝑥

Conditional average treatment effect estimation:

𝐶𝐴𝑇𝐸ℙ0 𝑥 = 𝜏𝑃0 𝑥 , 𝜏𝑃: 𝒳 → ℝ, ∀𝑃 ∈ ℳ

       = 𝔼𝑃0 𝑌 𝑊 = 1, 𝑋 = 𝑥] - 𝔼𝑃0 𝑌 𝑊 = 0, 𝑋 = 𝑥]

Expected difference in outcome between receiving and not receiving 
treatment within a specific population defined by covariates 𝑋 = 𝑥 

Same assumptions



I.2.2-Conditional treatment effect estimators
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Conditional average treatment effect:

𝜏𝐺−𝑐𝑜𝑚𝑝,𝑛 (𝑥) = Ƹ𝜇 1,𝑛 𝑥 − Ƹ𝜇 0,𝑛 𝑥

Double robust estimators

→ Augmented IPW / One-step correction estimator

→ Targeted MLE

Outcome
(𝑌)

Height(𝑋)

𝑊 = 1

𝑊 = 0

Ƹ𝜇 1,𝑛 𝑥 = ෡𝔼𝑃𝑛[𝑌|𝑊 = 1, 𝑋 = 𝑥]

Ƹ𝜇 0,𝑛 𝑥 = ෡𝔼𝑃𝑛[𝑌|𝑊 = 0, 𝑋 = 𝑥]

i.e. X-learner, R-learner, DR-learner, MACF, etc.



II.2- Policy learning



II.2-Policy learning framework
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Mathematical framework:

Let’s consider a decision maker: 

➢ Patient characteristics:  𝑋𝑖 ∈ 𝒳 (covariates)
➢ Actions: 𝑊𝑖 ∈ 𝒲 (here action = treatment)
➢ Observed outcome: 𝑌𝑖 ∈ 𝒴 (for chosen action)

➢ Policy: 𝑑 ∈ 𝒟 decision maker’s support
     𝑑: 𝒳 → 𝒲   

Treatment 

ATE/CATE 
estimation

Personalized treatment 
recommendations



II.2-Policy learning framework: policy value
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The value of a policy reflects the mean outcome expected following  the given policy 𝒅

≜ 𝔼𝑃0 𝔼𝑃0 𝑌 𝑋,𝑊 = 𝑑 𝑋 = 𝑉𝑑 𝑃0

𝑉𝑑 ℙ0 = 𝔼ℙ0 𝑌 𝑑(𝑋) = 𝔼ℙ0[𝑑 𝑋 𝑌 1 + (1 − 𝑑 𝑋 )𝑌(0)]

Two possible goals:

1.   Optimization: Find the best treatment policy 
       (maximizing the total expected value)

𝑑∗ ∈ argmax 𝑉𝑑 𝑃0
𝑑 ∈ 𝒟

2. Evaluation: Estimating the expected value of a given policy: 

𝑉𝑑 ℙ0 ≜ 𝑉𝑑 𝑃0 ⇝ ෠𝑉𝑑(𝑃𝑛)

➢ Assess performance of a policy

➢ Compare policies 

➢ … 



II.2.1- Policy optimization



II.2.1- Outcome modeling approaches
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ො𝜇 1,𝑛 𝑋 = ෡𝔼𝑃𝑛 𝑌 𝑊 = 1, 𝑋

ො𝜇 0,𝑛 𝑋 = ෡𝔼𝑃𝑛[𝑌|𝑊 = 0, 𝑋]

ො𝜇 𝑛 𝑋,𝑊 = ෡𝔼𝑃𝑛 𝑌 𝑊,𝑋

T/S-learner IPW/AIPW TMLE MACF

1- Outcome modeling-based methods:
 

Model Y 1  and Y 0  

→ Estimate 𝐶𝐴𝑇𝐸ℙ0 𝑥 :

≜ 𝜏𝑃0 𝑥 = 𝔼𝑃0 𝑌 𝑊 = 1,𝑋 = 𝑥] − 𝔼𝑃0 𝑌 𝑊 = 0, 𝑋 = 𝑥] 

𝑑∗ 𝑋 = 1
𝑠𝑖𝑔𝑛 𝜏𝑃0 𝑋 >0

Covariates

𝑿𝟏 𝑿𝟐 𝑿𝟑

Treatment

𝑾

Estimated potential 
outcomes

ෝ𝝁𝟎(𝑿) ෝ𝝁𝟏 (𝐗)

Treatment 
rule

𝒅(𝐗)

1.1      20         F 1 100                           200 1

-6        45         F 0 10                               9 0

0          15        M 1 180                           150 0

… … … …

-2         52        M 0 70                            170 1

Ƹ𝜏𝑛 𝑥 = Ƹ𝜇1,𝑛 𝑥 − Ƹ𝜇0,𝑛 𝑥



II.2.1- Outcome modeling approaches
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… regression_forestlm

Propensity score

glm probability_forest…

T/S-learner IPW/AIPW TMLE MACF

1- Outcome modeling-based methods:
 

Model Y 1  and Y 0  

→ Estimate 𝐶𝐴𝑇𝐸ℙ0 𝑥 :

≜ 𝜏𝑃0 𝑥 = 𝔼𝑃0 𝑌 𝑊 = 1,𝑋 = 𝑥] − 𝔼𝑃0 𝑌 𝑊 = 0, 𝑋 = 𝑥] 

𝑑∗(𝑋) = 1
𝑠𝑖𝑔𝑛 𝜏𝑃0 𝑋 >0

Covariates

𝑿𝟏 𝑿𝟐 𝑿𝟑

Treatment

𝑾

Estimated potential 
outcomes

ෝ𝝁𝟎(𝑿) ෝ𝝁𝟏 (𝐗)

Treatment 
rule

𝒅(𝐗)

1.1      20         F 1 100                           200 1

-6        45         F 0 10                               9 0

0          15        M 1 180                           150 0

… … … …

-2         52        M 0 70                            170 1
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… regression_forestlm

Propensity score

glm probability forest…

Mixed models: Superlearner  

T/S-learner IPW/AIPW TMLE MACF

1- Outcome modeling-based methods:
 

Model Y 1  and Y 0  

→ Estimate 𝐶𝐴𝑇𝐸ℙ0 𝑥 :

≜ 𝜏𝑃0 𝑥 = 𝔼𝑃0 𝑌 𝑊 = 1,𝑋 = 𝑥] − 𝔼𝑃0 𝑌 𝑊 = 0, 𝑋 = 𝑥] 

𝑑∗(𝑋) = 1
𝑠𝑖𝑔𝑛 𝜏𝑃0 𝑋 >0

Covariates

𝑿𝟏 𝑿𝟐 𝑿𝟑

Treatment

𝑾

Estimated potential 
outcomes

ෝ𝝁𝟎(𝑿) ෝ𝝁𝟏 (𝐗)

Treatment 
rule

𝒅(𝐗)

1.1      20         F 1 100                           200 1

-6        45         F 0 10                               9 0

0          15        M 1 180                           150 0

… … … …

-2         52        M 0 70                            170 1
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2- Direct estimation techniques: 𝑑0
∗ ∈ argmax

𝑑∈𝒟
𝑉𝑑 𝑃0 = 𝔼𝑃0 𝔼𝑃0[𝑌|𝑋, 𝑑(𝑋)]

vs.
(1) (0) ⟹ Classification task
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2- Direct estimation techniques: 

1. Single stage outcome weighted learning

loss: Hinge, logistic, etc.
penalization: Lasso, Ridge, ElasticNet, None

weight: IPW ( 𝑌

𝑃0(𝑊=𝑤|𝑋)
), AIPW ( 𝑌−ෝ𝜇𝑤(𝑋)

𝑃0(𝑊=𝑤|𝑋)
)

𝑑0
∗ ∈ argmax

𝑑∈𝒟
𝑉𝑑 𝑃0 , 𝑉𝑑 ℙ0 = 𝔼ℙ0[𝔼ℙ0[𝑌(𝑑(𝑋))]] =𝔼ℙ0[𝔼ℙ0[

1𝑊=𝑑 𝑋 𝑌 𝑑 𝑋

ℙ0 𝑊 𝑋
|𝑋]] ≜ 𝔼𝑃0

𝑌

𝑃0(𝑊|𝑋)
1𝑊=𝑑(𝑋)  

= argmin
𝑑∈𝒟

𝔼𝑃0
𝑌

𝑃0(𝑊|𝑋)
1𝑊≠𝑑(𝑋) ⇒ argmin

𝑓∈ℱ
𝔼𝑃0 𝛼𝑖 1 2𝑊−1 𝑓(𝑋) + 𝜆𝑃𝑒𝑛(𝑑(𝑋))

Φ(1 − 2𝑊 − 1 𝑓(𝑋))

Find 𝑓0
∗ whose sign defines the OTR:

 𝑑0
∗ =

𝑠𝑖𝑔𝑛 𝑓0
∗ +1

2
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෍
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𝑛
𝑌𝑖

෠𝑃𝑛 𝑊𝑖 𝑋 = 𝑋𝑖
Φ(1 − 2𝑊𝑖 − 1 𝑓(𝑋𝑖)) + 𝜆𝑃𝑒𝑛(𝑑(𝑋𝑖))

Estimate 𝒇𝟎
∗ 𝑿  with 𝐏𝐧:

Find 𝑓0
∗ whose sign defines the OTR:

 𝑑0
∗ =

𝑠𝑖𝑔𝑛 𝑓0
∗ +1

2

𝑑𝑛
∗ =

𝑠𝑖𝑔𝑛 𝑓𝑛
∗ + 1

2
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2- Direct estimation techniques: 

𝑉𝑑 ℙ0 = 𝔼ℙ0 𝑌(𝑑(𝑋))  = 𝔼ℙ0 𝑑 𝑋 𝑌 1 + 1 − 𝑑 𝑋 𝑌(0)

                 = 𝔼ℙ0 𝑌 0 + 𝔼ℙ0 𝑌 1 − 𝑌 0 𝑑(𝑋)

baseline effect ATE dependence2. Weighted classification

1. Single stage outcome weighted learning
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2- Direct estimation techniques: 

𝑉𝑑 ℙ0 = 𝔼ℙ0 𝑌 0 + 𝔼ℙ0 𝑌 1 − 𝑌 0 𝑑(𝑋)

baseline effect ATE dependence

⟹ A 𝑑 = 2(𝑉𝑑 ℙ0 − 𝔼ℙ0 𝑌 0 ) − 𝔼ℙ0 𝑌 1 − 𝑌 0

𝑑𝑛
∗ ∈ argmax

𝑑∈𝒟

1

𝑛
෍

𝑖=1

𝑛

𝛼𝑖 𝑠𝑖𝑔𝑛 𝜏(𝑋𝑖) 2𝑑 𝑋𝑖 − 1

IPW: 𝛼𝐼𝑃𝑊 = |
𝑌

𝑃0 𝑊 = 𝑤 𝑋
|

AIPW: 𝛼𝐴𝐼𝑃𝑊 = |
𝑌−ෝ𝜇𝑤(𝑋)

𝑃0(𝑊=𝑤|𝑋)
|

≜ 𝔼𝑃0 𝜏(𝑋) 2𝑑 𝑋 − 1 = 𝔼𝑃0 |𝜏(𝑋)|𝑠𝑖𝑔𝑛(𝜏(𝑋)) 2𝑑 𝑋 − 1

2. Weighted classification

1. Single stage outcome weighted learning

∈ {−1,1}

Options for 𝛼 ∶

𝑑0
∗ ∈ argmax

𝑑
𝐴 𝑑 , 𝐴(𝑑) = 𝔼𝑃0 𝛼 𝑠𝑖𝑔𝑛 𝜏(𝑋) 2𝑑 𝑋 − 1

𝛼
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II.3- Policy evaluation

Objective: Compute the value of each policy to compare their 
performances 

Data structure outcome
(Y)

covariates (X)
treatment 
(W)

The value of a policy reflects the mean outcome expected following  
the given policy 𝒅

𝑉𝑑 𝑃 = 𝔼𝑃[𝔼𝑃 𝑌 𝑊 = 𝑑 𝑋 , 𝑋 ]

Step 1: Gather policies 𝒅 to evaluate 

𝑑1 𝑑2 𝑑𝐾

…

Counterfactual outcome
 modeling  Classification

…

MACF

regression_forest

S/T-learner AIPW/IPW

lm

…
TMLE

weights penalization

AIPW IPW

Lasso Ridge
……

Weighted 
classification

Single stage 
outcome 

train 1

train 2

test 
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train 2
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Propensity score

glm probability forest…

෠𝑃𝑛(𝑊 |𝑋 = )

Conditional expectations

( ෠𝑌(1))

( ෠𝑌(0))

෡𝔼𝑃𝑛[𝑌|𝑋,𝑊 = ]
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(Y)

covariates (X)
treatment 
(W)

The value of a policy reflects the mean outcome expected following  
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𝑑1 𝑑2 𝑑𝐾

…

Counterfactual outcome
 modeling  Classification

…

MACF

regression_forest

S/T-learner AIPW/IPW

lm

…
TMLE

weights penalization

AIPW IPW

Lasso Ridge
……

Weighted 
classification

Single stage 
outcome 

Step 3: Compute policy value

… regression_forestlm

𝑉𝑠𝑢𝑏𝑠.𝑒𝑠𝑡,𝑑(𝑃𝑛) =
1

𝑛
෍

𝑖=1

𝑛

෡𝔼𝑃𝑛 𝑋 = ,𝑊 =

𝑑(𝑋)

Substitution estimator

IPW estimator

train 1

train 2

test 

And other double robust estimators: AIPW, TMLE

Propensity score

glm probability forest…

෠𝑃𝑛(𝑊 |𝑋 = )

෠𝑌(0)𝑌 𝑋 𝑊 𝑑(𝑋) ෠𝑌(1)

= mean(     )

𝑉𝐼𝑃𝑊,𝑑(𝑃𝑛) =
1

𝑛
෍

𝑖=1

𝑛
1𝑊=

෠𝑃𝑛(𝑊 = |𝑋 = )

𝑌 𝑋 𝑊 𝑑(𝑋)

÷ ෠𝑃𝑛 (𝑊 = |𝑋 = )

÷ ෠𝑃𝑛 (𝑊 = |𝑋 = )

≠
0

𝑑(𝑋)

Conditional expectations

( ෠𝑌(1))

( ෠𝑌(0))

෡𝔼𝑃𝑛[𝑌|𝑋,𝑊 = ]

෡𝔼𝑃𝑛[𝑌|𝑋,𝑊 = ]
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III. Results



III-Synthetic setting 

𝑋 ∼ Unif 0,1 𝑝

𝑊 ∼ Ber 𝑝 = 0.5

Y = 𝑢 𝑋 +𝑊𝑐 𝑋 + 𝑍

Optimal treatment rule function

𝑐 𝑋 = 𝑐0 2𝑑
∗ 𝑋 − 1

𝑑∗: ℝ𝑝 ↦ 0,1  

: 𝑋 ↦ 𝑑∗ 𝑋 = 1𝑓 𝑋 <𝑏 or 1𝑓 𝑋 >𝑏

Gaussian noise:
 𝑍 ∼ 𝒩(0,1)

intercept function

𝑢: ℝ𝑝 ↦ ℝ

𝑛 = 1000 (individuals) , 𝑝 = 5 (covariates)31
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: 𝑋 ↦ 𝑑∗ 𝑋 = 1𝑓 𝑋 <𝑏 or 1𝑓 𝑋 >𝑏

Gaussian noise:
 𝑍 ∼ 𝒩(0,1)

intercept function

𝑢: ℝ𝑝 ↦ ℝ

Tree setting: 

𝑢 𝑋 = 𝑘 +
5

σ
𝑝

𝑖 = 1
𝑋𝑝

×෍
𝑝

𝑖 = 𝑖
𝑋𝑝

𝑘 = 10 −
1

𝑛
σ

𝑝
𝑖 = 1

𝑋𝑝 𝑐 𝑋 −
5

σ
𝑝
𝑖=1

𝑋𝑝
×σ

𝑝
𝑖 = 𝑖

𝑋𝑝

𝑐0 = 5 𝑏1= 0.6 𝑏2 = 0.2

𝑓1 𝑋 = 𝑋1 𝑓2 𝑋 = 𝑋2

𝑑∗ 𝑋 = 1𝑓1 𝑋 <𝑏1 ∧ 𝑓2 𝑋 ≥𝑏2

31 𝑛 = 1000 (individuals) , 𝑝 = 5 (covariates)
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Figure 1: Policy optimization results for regression and tree-based algorithms in a tree setting
Left: Visual representation of treatment rules
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Figure 1: Policy optimization results for regression and tree-based algorithms in a tree setting
Left: Visual representation of treatment rules
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Figure 1: Policy optimization results for regression and tree-based algorithms in a tree setting
Left: Visual representation of treatment rules
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Figure 1: Policy optimization results for regression and tree-based algorithms in a tree setting
Left: Visual representation of treatment rules
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Figure 1: Policy optimization results for regression and tree-based algorithms in a tree setting
Left: Visual representation of treatment rules

Oracle policy values for 𝑑 : 𝔼𝑃0 Y = 𝔼𝑃0[𝑢 𝑋 + 𝑑(𝑋)𝑐 𝑋 + 𝑍]

𝑉𝑑_𝑂𝑝𝑡(𝑃0)× 𝑉𝑑(𝑃0)
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Treatment 

ATE/CATE 
estimation

Personalized treatment 
recommendations

• Policy optimization and evaluation techniques 

• Synthetic simulation for binary treatment  

Perspectives: adding constraints to the policy optimization problem (Ph.D thesis) 

• Explainability
• Fairness, No-harm criteria …

• Other contributions: 
• Multi-treatment extensions: 

• Policy optimization algorithm 
• Policy evaluation technique 

• Application to IVF data

• To improve: 
• Test multiple n sizes (boxplots)
•  Test non RCT scenario



Thank you! 
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II.1.1- ATE double robust estimators

Targeted Maximum Likelihood Estimator (TMLE)

Build a fluctuation: Find a regression 𝐐 𝑷𝒏
∗ = 𝔼𝑃𝑛∗ 𝑌|𝑋 = 𝑥,𝑊 = 𝑤   closest to 𝑄 𝑃0 = 𝔼𝑃0 𝑌|𝑋 = 𝑥,𝑊 = 𝑤

Q𝑛,𝜖 = { 𝑤, 𝑥 → 𝑒𝑥𝑝𝑖𝑡 𝑙𝑜𝑔𝑖𝑡 ෡𝔼𝑃𝑛 𝑌 𝑋 = 𝑥,𝑊 = 𝑤 + 𝜖𝐻𝑛(𝑥, 𝑤) } 

If 𝑌 ∈ 0,1  
or [0,1] argmin

𝜖
𝔼𝑃𝑛 𝑅𝑛 𝜖 = σ𝑖=1

𝑛 −𝑌𝑖 log(𝑄𝑛,𝜖 𝑋𝑖,𝑊𝑖 ) − 1 − 𝑌𝑖 log 1 − 𝑄𝑛,𝜖(𝑋𝑖,𝑊𝑖)  

𝐻𝑛 𝑥, 𝑤 =
2𝑤 − 1

𝑤𝑃𝑛 𝑊 = 1 𝑋 = 𝑥 + 1 − 𝑤 𝑃𝑛(𝑊 = 0|𝑋 = 𝑥)



II.1.1- ATE double robust estimators

Targeted Maximum Likelihood Estimator (TMLE)

Build a fluctuation: Find a regression 𝐐 𝑷𝒏
∗ = 𝔼𝑃𝑛∗ 𝑌|𝑋 = 𝑥,𝑊 = 𝑤   closest to 𝑄 𝑃0 = 𝔼𝑃0 𝑌|𝑋 = 𝑥,𝑊 = 𝑤

Q𝑛,𝜖 = { 𝑤, 𝑥 → 𝑒𝑥𝑝𝑖𝑡 𝑙𝑜𝑔𝑖𝑡 ෡𝔼𝑃𝑛 𝑌 𝑋 = 𝑥,𝑊 = 𝑤 + 𝜖𝐻𝑛(𝑥, 𝑤) } 

If 𝑌 ∈ 0,1  
or [0,1]

Q𝑛,𝜖 = { 𝑤, 𝑥 → ෡𝔼𝑃𝑛 𝑌 𝑋 = 𝑥,𝑊 = 𝑤 + 𝜖𝐻𝑛(𝑥, 𝑤) } 
If 𝑌 ∈ 𝑎, 𝑏 ,

𝑎 < 𝑏

argmin
𝜖

𝔼𝑃𝑛 𝑅𝑛 𝜖 = σ𝑖=1
𝑛 −𝑌𝑖 log(𝑄𝑛,𝜖 𝑋𝑖,𝑊𝑖 ) − 1 − 𝑌𝑖 log 1 − 𝑄𝑛,𝜖(𝑋𝑖,𝑊𝑖)  

argmin
𝜖

𝔼𝑃𝑛 𝑅𝑛 𝜖 = σ𝑖=1
𝑛 ( 𝑌𝑖 − 𝑄𝑛,𝜖(𝑋𝑖,𝑊𝑖))

2 

𝐻𝑛 𝑥, 𝑤 =
2𝑤 − 1

𝑤𝑃𝑛 𝑊 = 1 𝑋 = 𝑥 + 1 − 𝑤 𝑃𝑛(𝑊 = 0|𝑋 = 𝑥)



II.1.1- ATE double robust estimators

Targeted Maximum Likelihood Estimator (TMLE)

𝐻𝑛 𝑥, 𝑤 =
2𝑤 − 1

𝑤𝑃𝑛 𝑊 = 1 𝑋 = 𝑥 + 1 − 𝑤 𝑃𝑛(𝑊 = 0|𝑋 = 𝑥)

𝐐 𝑷𝒏
∗ = 𝔼𝑃𝑛∗ 𝑌|𝑋 = 𝑥,𝑊 = 𝑤

= ෡𝔼𝑃𝑛 𝑌 𝑋 = 𝑥,𝑊 = 𝑤 + 𝜖𝑛 𝐻𝑛(𝑥, 𝑤)

𝜓(𝑃𝑛
∗) = 𝔼𝑃𝑛∗ [𝔼𝑃𝑛∗ 𝑌|𝑋,𝑊 = 1  - 𝔼𝑃𝑛∗ 𝑌|𝑋,𝑊 = 0 ]

𝔼𝑃𝑛∗ 𝑌|𝑋,𝑊 = 1 =෡𝔼𝑃𝑛 𝑌 𝑋,𝑊 = 1 + 𝜖𝑛 𝐻𝑛(𝑥, 1)

𝔼𝑃𝑛∗ 𝑌|𝑋,𝑊 = 0 =෡𝔼𝑃𝑛 𝑌 𝑋,𝑊 = 0 + 𝜖𝑛 𝐻𝑛(𝑥, 0)



= mean(     )𝑉𝐼𝑃𝑊,𝑑(𝑃𝑛) =
1

𝑛
෍

𝑖=1

𝑛
1𝑊𝑖=

෠𝑃𝑛(𝑊 = |𝑋 = )

෠𝑌(1)

A VISUAL GUIDE TO POLICY EVALUATION

Objective: Compute the policy value of each 
policy to compare their performances 

Data structure outcome
(Y)

covariates (X)
treatment 
(W)

The value of a policy reflects the mean outcome 
expected following  the given policy 𝒅

Step 2: Train nuisance parameters 

𝑉𝑑 𝑃 = 𝔼𝑃[𝔼𝑃 𝑌 𝑊 = 𝑑 𝑋 , 𝑋 ]

Step 1: Gather policies 𝒅 to evaluate 

𝑑1 𝑑2 𝑑𝐾

…

Counterfactual outcome
 modelling  Classification

…

MACF

regression_forest

S/T-learner AIPW/IPW

lm

…
TMLE

weights penalization

AIPW IPW

Lasso Ridge
……

Weighted 
classification

Single stage 
outcome 

Propensity score

Step 3: Compute policy value

glm probability forest

Conditional expectations

…

MACF

regression_forest

S/T-learner AIPW/IPW

lm

…
TMLE

…

𝑉𝑠𝑢𝑏𝑠.𝑒𝑠𝑡,𝑑(𝑃𝑛) =
1

𝑛
෍

𝑖=1

𝑛

෡𝔼𝑃𝑛 𝑋 = ,𝑊 =

𝑑(𝑋)

𝑌 𝑋 𝑊𝑑(𝑋) ෠𝑌(0)

= mean(     )

( ෠𝑌(1))

( ෠𝑌(0))

Substitution estimator

𝑑(𝑋)

𝑋

= mean(                                 )

IPW estimator

෠𝑃𝑛(𝑊 |𝑋 = )

𝑌𝑖

𝑌 𝑊 𝑑(𝑋)

÷ ෠𝑃𝑛 (𝑊 = |𝑋 = )

÷ ෠𝑃𝑛 (𝑊 = |𝑋 = )

≠ 0

AIPW

train 1

train 2

test 

𝑉𝐴𝐼𝑃𝑊,𝑑(𝑃𝑛) =
1

𝑛
σ𝑖=1
𝑛 [ ෡𝔼𝑃𝑛 𝑊 = ,𝑋 =

+
1𝑊𝑖=

෠𝑃𝑛 𝑊 = 𝑋 =
( −෡𝔼𝑃𝑛[ |𝑊 = , 𝑋 = ])]

𝑌 𝑋 𝑊 𝑑(𝑋) ෠𝑌 0 ෠𝑌 1

≠

=mean(      +                                                )
− ÷ ෠𝑃𝑛 (𝑊 = |𝑋 = )

− ÷ ෠𝑃𝑛 (𝑊 = |𝑋 = )

0

TMLE

𝑉𝑇𝑀𝐿𝐸,𝑑(𝑃𝑛) =
1

𝑛
෍

𝑖=1

𝑛

෡𝔼𝑃𝑛∗ 𝑋 = ,𝑊 =

𝑋 𝑊 𝑑(𝑋) ෠𝑌∗(0) ෠𝑌∗(1)

𝑑(𝑋)

𝑑(𝑋)

෡𝔼𝑃𝑛[𝑌|𝑋,𝑊 = ]

෡𝔼𝑃𝑛[𝑌|𝑋,𝑊 = ]
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