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Problem setup

Statistical modeling

» Set of ni.i.d. observations Dy,...,D, ~ P
> Generic data structure D = (X, A, Y):

> X € X: vector of covariates
> Ac A={1,...,K}: categorical treatment assignment
» Y € ): outcome

» Relevant nuisances: u(X,a) = E[Y|X,A = 3]
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Problem setup

Policies and their values

A policy m € M C A¥ maps any x € X to a treatment assignment a € A

The value of a policy m € 1 under P is defined as

V() = E[u(X, (X))]
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Policies and their values

A policy m € M C A¥ maps any x € X to a treatment assignment a € A

The value of a policy m € 1 under P is defined as
V(r) = E[u(X, 7(X))]

Learning a value-optimal policy 7*, maximizing 7 — V(7) can be
performed via two primary paradigms:

> direct maximization of a consistent estimator of m — V() [8, 4]

» indirect maximization of an estimator of (x, a) — u(x, a)

Define the X-specific set of optimal treatment regimes as

M (X)={r"(X): 7" € arggwnaxV(w)}
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Problem setup

Conformal prediction (1/2)

Conformal prediction (CP) [10, 12, 11] is a model-agnostic and
distribution-free framework for uncertainty quantification, providing
prediction sets with guaranteed marginal coverage properties

» Set of (n+ 1) i.i.d. samples Oy,...,0p11
» Each sample O = (X, T) comprises

» X € X: vector of covariates
> TeT=A{1,...,K} alabel, with K > 1

» Goal: Predict unseen label 7,1 at X1 with high probability
For fixed a > 0, build C* : X — P(T) such that

P(Tn+1 S Ca(Xn+1)) Z 1-— (0%
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Problem setup

Conformal prediction (2/2)

Inductive CP (ICP)

w N e o

Partition {O;};c[ into two disjoint train and calibration subsets
Fit a nonconformity score function s : X x 7 — R (train)
Evaluate nonconformity scores {S; = s(X;, T;)}iez.., (calibration)
For fixed a > 0, let

[(1 = a)(1 + near)|

Ncal

di—a = Quantﬂe ( ;{Sf}iGIcm)

The prediction set associated to the test point X1

ce (Xn+l) - {t S T : S(Xn+17 t) < Ch—u} g P(T)
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Problem setup

Conformal prediction (2/2)

Inductive CP (ICP)

Partition {O;};c[ into two disjoint train and calibration subsets
Fit a nonconformity score function s : X x 7 — R (train)
Evaluate nonconformity scores {S; = s(X;, T;)}iez.., (calibration)
For fixed a > 0, let

w = o

[(1 = a)(1 + near)|

Ncal

di—a = Quantﬂe ( ;{Sf}iGIca1>

4. The prediction set associated to the test point X1
ce (Xn+l) = {t eT: S(Xn+17 t) < Ch—u} c P(T)
Noisy label regime: ICP applied to noisy proxies (e.g. user annotations,
label estimations). Valid coverage for the unavailable true labels requires

additional conditions [5, 9, 3, 1] (details next)
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Conformal policy learning

Set-valued policy learning

Definition (Set-valued policy)

A set-valued policy C is an element of P(.A)* that maps covariates to a
set of treatments

Our goal: Build set-valued policies C that contain an optimal treatment
with high probability (fix a > 0)

P(ﬂ*(Xn+1) N C(Xn+1) 7é @) >1—«
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Set-valued policy learning

Definition (Set-valued policy)

A set-valued policy C is an element of P(.A)* that maps covariates to a
set of treatments

Our goal: Build set-valued policies C that contain an optimal treatment
with high probability (fix a > 0)

P (Xps1) N C(Xn41) # @) >1—«

CP for policy learning: True samples {O; = (X, A])}ic[n are
inaccessible due to the fundamental challenge of causal inference
(i.e. A7 € [1*(X;) unobserved), hindering direct application of ICP

We use {D; = (X;, Ai, Yi)}ig[n to estimate noisy samples
(O = (X,-,AA?)},-E[,,], casting the problem into a noisy label regime
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Conformal policy learning

Noisy ICP for policy learning

0. Partition {D,‘ = (X,', A;, Yi)}ie[n] into Dp U Dirain U Deal
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Noisy ICP for policy learning

0. Partition {D,‘ = (X,', A,‘7 Yi)}ie[n] into Dp U Dirain U Deal

1. Black-box label generation. Train policy learning algorithm B
using Dp: B(Dp) : X — A

2. Nonconformity score. Fit the nonconformity score (i.e. estimate ;1)
(X7 a) = S(Xa a) = maxa’#a /”’(X7 al) - M(Xv a) USIng Dtrain

3. Noisy calibration. .
(i) Generate the noisy samples A* = B(D,)(X;), for all i € Zea
(ii) Evaluate nonconformity scores {S; = s(Xi, A7) }iez..,

4. Set-valued policy. Let 4, ., = Quantile (Mﬂ*” {é,-}),

define x— C“(x)={ae A:s(x,a) < a1 .}

@ “PAL € CH(Xp)) > 1—a" # “P(AL, € CO(X, 1)) >1—a"
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Conformal policy learning

Valid coverage under label noise

A sufficient condition to guarantee

Va >0, P(A, € C(X01)>1-a, (1)
is first order stochastic dominance: 5, =) S = C*C Ce
i.e. noisy labels A¥ are “less reliable” than the true optimal treatments A}

A

{8, = 5(X, A%} iy

(8. = s(X, A%))

Set-valued policies c* (
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Conformal policy learning

Valid coverage under label noise

A sufficient condition to guarantee

Va >0, P(A, € C(X01)>1-a, (1)
is first order stochastic dominance: 5, =) S = C*C Ce
i.e. noisy labels A¥ are “less reliable” than the true optimal treatments A}

A

{8, = 5(X, A%} iy

{8, = s(X, A%)}

Set-valued policies c* (

@ Estimation errors in s can lead to lower scores for suboptimal treatments.

By favoring similarity to incorrect labels, this behavior compromises (1)
9/14



Conformal policy learning

Randomness injection: introducing exploration

To encourage S =) Si we perturb A,* = B(Dy)(X;), for all i € Z..
(i.e. reduce impact of estimation errors on s)
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Conformal policy learning

Randomness injection: introducing exploration

To encourage S =) Si we perturb Aj = B(Dy)(X;), for all i € Z..
(i.e. reduce impact of estimation errors on s)

Suppose that the random label A ~ I/([K]) satisfies

Assumption

Sl-rd = S(X;,A,r-d) E(l) Si = s(X;, A,*) and Sl-rd E(l) .§f

Fix r € [0, 1], introduce R; ~ Ber(r), and define the perturbed label as

Al =Ri-A 4 (1-R)- Al

1
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Conformal policy learning

Randomness injection: introducing exploration

To encourage S =) Si we perturb Aj = B(Dy)(X;), for all i € Z..
(i.e. reduce impact of estimation errors on s)

Suppose that the random label A ~ I/([K]) satisfies

St = s(X;, A) (1) S = 5(X;, Af) and ST =1 5
Fix r € [0,1], introduce R; ~ Ber(r), and define the perturbed label as
A =R-AY 4+ (1-R)- A

1

The set-policy € built using f\‘;’_, satisfies marginal coverage iff

o EIP(s(X: A) < 1o) = P(s(Xi A)) < 610
T EP(s(Xi, A) < anu) = P(s(Xi, AT < Gy )]

(expectations w.r.t. §i_, and 7 unknown)
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Simulation study

Simulation design

» Gaussian covariates X € R* with two uninformative dimensions
» K =5 treatment levels

» Covariate space is divided in two:
optimal treatments (i.e. larger outcomes) are (i) {1,2} (ii) {3.4}

Optimal treatments
12
{3.4}

X1

Figure: Distribution of optimal treatment assignments by feature values
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Simulation study

Randomness injection enforces marginal coverage

OCP r=0 r=02 r=05
Coverage {1,2} 0.89 0.83 091 0.96
Coverage {3,4} 0.90 0.87 0091 0.95
Overall coverage 090 0.85 0.91 0.96
E[|C*(X)]] 297 257 321 3.96
SPV 699 7.17 6.84 5.96

Figure: Comparison of conditional coverage (on 1"(X;)), overall coverage,
mean cardinality and set-policy value across different set-valued policy learning
methods (o = 0.1 and n = 6,000). OCP: Oracular CP, SPV: Set-Policy Value
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Application to IVF data

Application to IVF data: dose de-escalation?

Dataset consists of n = 18,538 recorded ovarian stimulation cycles
» Baseline characteristics (X € R*)
» Ordinal gonadotropin dosages (A = {1,...,6})
» Outcomes: follicular yield (Y') to be maximized and estradiol levels (&),

higher levels increase the risk of ovarian hyper stimulation syndrome

=0 r=0.3 r=0.6

Status

Not included

. Included

Observations
Observations
Observations

6

3 4 3 4 3 4
Treatment levels Treatment levels Treatment levels

Figure: Rows: individual observations. Columns: treatment levels included in
conformal set-valued policies, for & = 0.1.
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Figure: Set-policy values for Y (x-axis) and £ (y-axis) across two decision
strategies: Oiower (poOints) and dunis (triangles), a = 0.1.
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Application to IVF data

Thank you!

» ArXiv preprint
https://arxiv.org/pdf/2605.19830

» R package
https://github.com/laufuentes/
setValuedPolicyLearning.git
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Set-policy value

Definition (Choice function and set-valued policy value)

Let § : (P(A), X) — A a choice function. The d-specific value of a
set-valued policy C is defined as

V(C,0) = E[u(X,5(C(X), X))],
the value of the policy 7 — §(C(x), x)
A decision-maker strategy to select a treatment from x — C(x) is given

by the choice function ¢*. In their hands, the value of C is V(C, ).

To address the unavailability of d,, we introduce the uniform set-policy
value:

- 1
Vp(C)=E | == w(X,a
(= ico), 2 1)
based on the choice function dypnir(C(x), x) ~ U(C(x))
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Greatest lower bound (GLB)

Relies on uncertainty quantification relative to estimators of .

Fix « € [0,1] and introduce
» (x,a) — ly(x,a;1— «/2): lower-bound estimator at level 1 — /2
» (x,a) — up(x,a;1 — «/2): upper-bound estimator at level 1 — a/2
such that for all (x,a) € X x A,

P(u(x,a) € [lo(x,a;1 — /2),up(x,8;1 —/2)]) > 1 — «
We define the greatest lower-bound treatment policy
X > 3maxmin(X) € argmax{/,(x,a;1 — «/2):a€ A}

and construct the set-valued policy by including all treatments whose
upper-bound exceeds the greatest lower-bound benchmark, yielding

x> C¥(x)={a€ A:up(x,a;1— /2) > l(X,8maxmin(Xx); 1 — @/2)}
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Additional synthetic results (1/3)

6000 12000 18000

Technique
- r=0
== r=01
= r=02
== r=03
= r=04
~=r=05
= r=0.6
r=07
r=08
r=0.9

Coverage attained

r=1
Oracular CP
GLB

a5 000510 10020 250,350 260 e 560060 . 7 0.0 95 1

o roni0nisl 0000

2 0. 07
Confidence level (a)

Figure: Marginal coverage for varying levels «. Results compare conformal
set-valued policy learning across different randomness levels (r), GLB (green)
and Oracular conformal prediction (blue). Columns indicate sample size of
training data.
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Additional synthetic results (2/3)

6000 12000 18000

Technique
- =0

== r=0.1
= r=02
== r=03

= r=04
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= r=0.6
r=07
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r=1
~e~ Oracular CP
GLB

00.05010.15020 200,350,050, 55080650 . TS0 0 BE0'0.95 1 00,0010,
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Figure: Mean cardinality for varying levels c. Results compare conformal
set-valued policy learning across different randomness levels r, GLB (green) and
Oracular conformal prediction (blue). Columns indicate sample size of training
data
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Additional synthetic results (3/3)

6000 12000 18000

Technique
== r=0
==r=01
== r=0.2
==r=03
== r=04
== r=05
~=r=0.6
= r=07
r=08
r=0.9

Set Policy Value (SPV)
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==— Oracular CP
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120.360/40.450'50.550/60.65070. 750 80.850/%0.95 1 0.0
Confidence level (a)

Figure: Uniform set-policy value for varying levels «. Results are shown for
conformal set-valued policy learning across different randomness levels r, GLB
(green) and Oracular conformal prediction (blue). The gray dashed line
represents the policy value achieved by the noisy label generation technique

alone.
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