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Introduction

Medical motivation

Classical policy learning: Given patient’s characteristics, determine the
optimal treatment maximizing each patient’s outcome

IVF example: Find the optimal hormone dose to maximize the number
of oocyte produced
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Introduction

Medical motivation

Classical policy learning: Given patient’s characteristics, determine the
optimal treatment maximizing each patient’s outcome

IVF example: Find the optimal hormone dose to maximize the number
of oocyte produced

Our goal: Given patient’s characteristics, determine the optimal
treatment maximizing each patient’'s outcome while controlling an
adverse event

IVF example: Find the optimal hormone dose to maximize the number
of oocyte produced while controlling the probability of suffering from
ovarian hyperstimulation
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Problem setup

Statistical modeling

» Set of ni.i.d. observations

0,...,0,~P .
» Generic data structure '
0=(X,AY,q):

IA, e (0.1}

» X € X': vector of covariates ® E

> A€ {0,1}: treatment assignment
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Problem setup

Statistical modeling

» Set of ni.i.d. observations
O1,...,0,~P
» Generic data structure
O = (X7A’ Y’L)
» X € X': vector of covariates
> A€ {0,1}: treatment assignment
» Y €]0,1]: primary outcome
» ¢ €{0,1}: adverse event
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Problem setup

Statistical modeling

» Set of ni.i.d. observations

0,...,0,~P
» Generic data structure
O = (X7A’ Y?i)

> X € X: vector of covariates

> A€ {0,1}: treatment assignment
» Y €]0,1]: primary outcome

» ¢ €{0,1}: adverse event

» Relevant nuisances:
/1p(a,X) = EP[Y‘A = a,X],
V,D(JX) = EP[;‘A = a, X]

XeZ o
@ % I ®. &
A€ (015

2 "®¢ » %

Observed primary outcome Observed
Y 1
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Problem setup

Policies and their values

A policy 7 € M C [0,1]* maps any x € X to a treatment assignment
probability 7(x)

The value of a policy 7 € I1 under P is defined as

Ve(7) = Ep[7(X) - 1p(1.X) + (1 = 7(X)) - 110(0, X)]
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Problem setup

Policies and their values

A policy 7 € M C [0,1]* maps any x € X to a treatment assignment
probability 7(x)

The value of a policy 7 € I1 under P is defined as

Ve(7) = Ep[7(X) - 1p(1.X) + (1 = 7(X)) - 110(0, X)]

Define App(-) = pp(l,-) — up(0,-) : X = [-1,1]
It holds that

argmax Vp(7) = argmax Ep[7(X) - App(X)]
wen wen
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Problem setup

Direct and indirect policy learning (1/2)

Learning a value-optimal policy can be performed directly or indirectly,

using the fact that
mp @ x — H{Apup(x) > 0}

maximizes T — Vp(7)

» Direct: classification task, aims to predict 1{Aup(X) > 0} given X
e.g. OWLI RWLE etc,

» Indirect: estimation of the heterogeneous treatment effect Ayp to
create a plug-in estimator of mp

e.g. X-learnerBl, DR-learner®, EP-learner B, etc.

[N Zhao et al., 2012
121 Zhou et al., 2017
BlKiinzel et al., 2017
[4] Kennedy, 2023

1Blvan der Laan, Carone, and Luedtke, 2024
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Problem setup

Direct and indirect policy learning (2/2)

Learning a value-optimal policy can be performed directly or indirectly,

using the fact that
mp : x = H{App(x) > 0}

maximizes T — Vp(7)

EP-learner: introduce W C [-1,1]%¥, and

b Re(w) = Eplb(X)? = 20(X) - Apup(X)] (1)

» Rp(-) is indexed by Apup
> Rp(-) targets the “projection” of Asp onto W
> ¢ € argmin{Rp(1)) : ¢ € W} yields the policy x — 1{1)(x) > 0}
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Policy learning under constraint

Policy learning under constraint

Fix « € [0,1/2], let Avp(-) = vp(1,-) — vp(0,-), and define the
constraint
7= Sp(7) = Ep[7(X) - Avp(X)] — « (2)

Encourages treatment when it does not significantly raise the probability
of an adverse event, with average increase bounded by «

Assumption (Deleterious treatment effect on adverse event)

AI/PZO
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Policy learning under constraint

Policy learning under constraint

Fix « € [0,1/2], let Avp(-) = vp(1,-) — vp(0,-), and define the
constraint
7= Sp(7) = Ep[7(X) - Avp(X)] — « (2)

Encourages treatment when it does not significantly raise the probability
of an adverse event, with average increase bounded by «

Assumption (Deleterious treatment effect on adverse event)

AI/PZO

The ideal optimal policy is

argmax{Vp(7) : T € N s.t. Sp(7) <0}
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Introduce

W = conv({x — 2expit(d ' x) —1:0 e R} u{-1}) c [-1,1]", and
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Policy learning under constraint

Policy learning under constraint

Introduce
W = conv({x — 2expit(d ' x) —1:0 e R} u{-1}) c [-1,1]", and
14 ePu
[*1, 1] S u+—r Uﬁ(u) X |Og (]_—‘,—e_ﬂ> S [O, 1]

a smooth and convex approximation of v+ 1{u > 0}, where 5 >0 is a
steepness scaling factor
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Policy learning under constraint

Policy learning under constraint

Introduce

W = conv({x — 2expit(d ' x) —1:0 e R} u{-1}) c [-1,1]", and

1+ e
[-1,1] 3 u— op(u) x log (l—tee—ﬁ> € [0,1]

a smooth and convex approximation of v+ 1{u > 0}, where 5 >0 is a
steepness scaling factor

The B-specific optimal policy is the unique solution to

argmin{Rp(v)) : v € ¥ s.t. Sp(oz01p) <0} (3)
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Policy learning under constraint

PLUC: learning a constrained policy (oracular)

From an oracular viewpoint, (3) can be solved via the method of
Lagrange multipliers. For 8, A > 0, define

Y= Lp(, A B) = Rp(¥) + ASp(0s 0 1)), (4)

a strongly convex criterion which characterizes a novel non-parametric
class of policies

161 Frank, Wolfe, et al., 1956
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Policy learning under constraint

PLUC: learning a constrained policy (oracular)

From an oracular viewpoint, (3) can be solved via the method of
Lagrange multipliers. For 8, A > 0, define

Y= Lp(, A B) = Rp(¥) + ASp(0s 0 1)), (4)

a strongly convex criterion which characterizes a novel non-parametric
class of policies
Identification of the best policy:
» Let A x B be a set of candidate values for (A, 3)
> Solve (4) for every (\, 3) € A x B (Frank-Wolfe algorithm [01),
yielding Ty g = 0g oY g
» Best policy indexed by any element of

argmax{Vp(7x 5) : (A, B8) € A x B s.t. Sp(ma5) <0}

161 Frank, Wolfe, et al., 1956
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Policy learning under constraint

PLUC: learning a constrained policy (realistic)

Naive approach
Partition {O1,...,0,} = n1 U ny U n3 with |n1| = |n2| = |n3|

1- Estimate /1, and v,, using nq, let
A/‘"l(') - /1"1(1' ) — Hny (Ov ) and AV"L(') - 7/"1(1' ) - V'H(O' )
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PLUC: learning a constrained policy (realistic)

Naive approach
Partition {O1,...,0,} = n1 U ny U n3 with |n1| = |n2| = |n3|

1- Estimate /1, and v,, using nq, let
A/‘"l(') - /1"1(1' ) — Hny (Ov ) and AV"L(') - 7'/"1(1' ) - V'H(O' )
2- For every (A\,8) € A x B, using n,, minimize
&= Loyom (9,4 ) = Z[w )2 = 20(X0) - Aginy (Xi)
renz
Rnl(")
— )\ 0B o 1/}(X,) . AZ/,,l (X,)] —

Snr (0 530%)

yielding ’([))\75 and %)\,/3 =039 ’(/D\yﬁ
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Policy learning under constraint

PLUC: learning a constrained policy (realistic)

Naive approach
Partition {O1,...,0,} = n1 U ny U n3 with |n1| = |n2| = |n3|
1- Estimate /1, and v,, using nq, let

A/‘"l(') - /1"1(1' ) — Hny (Ov ) and AV"L(') - 7'/"1(1' ) - V'H(O' )
2- For every (A\,8) € A x B, using n,, minimize

& = Loyom (9,1 8) = Z[w )2 = 20(X0) - Aginy (Xi)

renz
Rnl(")

—A-03 OTZJ(XI) : AZ/nl(Xi)] -«

Snr (0 530%)

yielding ’(/))\ B8 and %)\ B =08 O’(/})\ B
3- Using ns3, estimate fing and v, build targeted lower-and upper-bound
estimators 2 and 5,,3, determlne

argmax{V, (7,5) : (A, B) € A x B sit. S0 (7a5) < 0}
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Policy learning under constraint

PLUC: learning a constrained policy (realistic)

PLUC

Partition {O1,...,0,} = n1 U ny U n3 with |n1| = |n2| = |n3|

1- Estimate /1, and v,, using nq, let
A/‘"l(') - /1"1(1' ) — Hny (Ov ) and AV"L(') - 7/"1(1' ) - V'H(O' )
2- For every (A\,8) € A x B, using ny, minimize an update of

& = Loyom (9,4 8) = Z[w )2 = 20(X0) - Aginy (Xi)

renz
Rnl(")

—A-03 OTZJ(XI) : AVIU(XI')] -«

Sy (o50%)

simultaneously targeting Lp(¢3 5, X; B), - .., Lp(15 5, \; B) [details next]
yielding ’(/))\ B8 and 7~I')\ B =08 O’(/})\ B
3- Using ns3, estimate fing and v, build targeted lower-and upper-bound
estimators 2 and 5,,3, determlne
argmax{V, (7x,5) : (A, B) € A x B sit. S0 (7as) < 0}
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Policy learning under constraint

PLUC: learning a constrained policy (realistic)

PLUC: focus on step 2

2- For every (\,8) € A x B, using {O' . [ € mo}, minimize an update of

Y= L"?utln; Z[ - 2( ) 'AN"L (XI)

simultaneously targeting L‘,P(l'g)\_ D
yielding 1 5 and T 3

» We carry out an alternating minimization procedure
» Step k decomposes into:

P a correction substep: update ;1,,1 and /% so that
¢ = £n1Un2(w7 >‘ 6) targets ﬁP(¢A B )\ /B) :EP(TM B )‘ ﬂ)

» a minimization substep: minimize ¢ — L’,,lu,,z(dj, A; 8), yielding wk“
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Simulation study

Simulation design

treatment high risk
detrimental

treatment
beneficial

0.00 0.25 050 075 1.00 000 025 050 075 100
X1 X1

Figure: Treatment effect patterns, with the primary outcome displayed on the
left and the adverse event displayed on the right.

Three sample sizes n € {3,000; 6,000; 18,000} with 50 replicates per size
Fixed « = 0.1, A= {1,...,10} and B ={0,0.05,0.1,0.25,0.5}
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Simulation study

Summary of the results

3000 6000 18000
0.050-
0.025-
E] Rul
] o ule
S o0o000- ® 3'
E ° . of @O Oracle-PLUCR
g .lb t lﬁ B Naive-PLUCR
@ 4 ‘s
g ~0.025- 8 ¥ O PLUCR
o
'l. .
& .
-0.050- %
-0.075-
0.53 058 0.63 053 0.58 063 0.53 058 0.63

Policy value

» PLUC slightly improves Naive PLUC's performance
» Constraint verified
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Application to IVF data

Application to IVF data

» n = 18,538 observations
» treatment levels: high dose (A = 1), low dose (A = 0)

» Y. number of retrieved follicles, ¢: estradiol levels exceeding 3000 Ul

Policy 7 Vi (T) Sy (T)  Prob(7(X) = 1)
PLUC (X — ‘FPLUC(X)) 9.857 -0.095 0
PLUC recommendation (x — %;PLUC(X)) 10.079  -0.036 0.081
Naive PLUC (x — TiNaive(X)) 10.094 -0.050 0
Naive PLUC recommendation (x +— %;’,\give(x)) 10.094  -0.050 0
Clinician-assigned (A) 10.056 -0.029 0.150
Surrogates (unconstrained / individual-constraint) 10.096 -0.045 0.007

x + 1{Apn, (x) > 0}
x = H{Apn (x) >0, Avg (x) < a}

PLUC enforces explicit control of adverse-event risks
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Application to IVF data

Thank you!

» ArXiv preprint
https://arxiv.org/pdf/2601.22717

» PLUC-R package
https://github.com/laufuentes/PLUCR
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Application to IVF data
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From policies to deterministic recommendation rules

A policy can be mapped to a deterministic recommendation rule in
several ways.

Example: thresholding
For any 7 € M and t € [0, 1], define

mtix = H7(x) > t}
The threshold t can be chosen as

argmax{V;, (7*) s.t. S, (7*) < 0}
te[0,1]
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