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Objective / Motivation:
• Estimate a policy maximizing a primary outcome while controlling the

probability of adverse events.

• In In-Vitro-Fertilization, we aim to find the gonadotropin dose that maximizes 
pregnancy chances while avoiding hyperstimulation.

Background

Introduction

Policy learning under constraint: Maximization of primary outcome with control of adverse 
event

Contributions

1. Formulate a policy optimization problem with constraints.

2. Define a strongly convex policy in a probabilistic style (in [0, 1]).

3. Attempt to adapt the EP-learner debiasing procedure for multiple outcomes.

4. Optimize policy in a convex function space using the Frank-Wolfe algorithm.

Our problem: oracular viewpoint

Perspectives 

Ongoing results

Algorithm

• 𝒪1, … , 𝒪𝑛 , 𝑛 independent observations, 𝒪𝑖 = 𝑋, 𝐴, 𝑌, 𝑍 ∼ 𝑃0.

• Covariates 𝑋 ∈ 𝒳
• Treatment A ∈ 0,1

• Primary outcome Y ∈ 0,1
• Adverse event 𝜉 ∈ [0,1]

Policy: maps covariates to treatment.

𝜋: 𝒳 ↦ {0,1}
Policy value: The average outcome if the 
policy is followed, a natural criterion to 
maximize, equivalent under [2,3,4] to,

• Rubin’s potential outcomes [1] for both outcomes 𝑌 0 , 𝜉 0 , 𝑌 1 , 𝜉 1 .

2 𝒱ℙ : 𝜋 ↦ 𝐸ℙ 𝑌 𝜋 𝑋 ≈ 𝐸𝑃[𝜋 𝑋 Δ𝜇𝑃(𝑋)]. 
Value-optimal policy: 
Maximizer of (2),

a- Notations

b- Causal quantities

• Complete data structures: 𝕆 = 𝑋, 𝐴, 𝑌 1 , 𝜉 1 , 𝑌 0 , 𝜉 0 , 𝑌, 𝜉 ∼ ℙ0.

Treatment effect for 𝑌 within a subgroup 𝑋 ∈ 𝒳, identified under causal assumptions 
(SUTVA [2], positivity [3], conditional ignorability [4]),

where 𝜇𝑃0
A, X = 𝐸𝑃0

[𝑌|𝐴, 𝑋].

1 Δ𝜇ℙ 𝑋 = 𝐸ℙ 𝑌 1 − 𝑌 0 |𝑋 ≜ 𝜇𝑃0
1, X − 𝜇𝑃0

0, 𝑋 = Δ𝜇𝑃0
𝑋 ,

Conditional Average Treatment Effect (CATE) for Y

𝜋∗: 𝑥 ↦ 𝟏 Δ𝜇𝑃0
𝑥 > 0 .

Classical policy learning

X Traditional plug-in: rely on accuracy of 𝜇𝑃0
 estimates.

X DR-learner (risk minimization): non-convex optimization, 
estimator ෠Δ𝜇𝑛 of Δ𝜇𝑃0

 takes problematic values.

EP-learner [5]: 
Efficient plug-in risk (3) estimator.

1- Build efficient estimation of (3): plug-in Δ𝜇𝑃0
 estimator.

2- Minimize (3) for 𝜓 ∈ Ψ.

3 R𝑃0
: 𝜓 ↦ 𝐸𝑃0

[𝜓 𝑋 − 2𝜓 𝑋 Δ𝜇𝑃0
𝑋 ]

✓  Stability and robustness of plug-in estimators.
✓ Asymptotic equivalence to oracle-efficient
 AIPW estimator.
X Overlooks adverse events.

We smoothly map every 𝜓 ∈ Ψ to a policy 𝜋, with 
the probability of recommending treatment (4),
where,

(4) 𝜎𝛽: Ψ → [0,1], 

𝜋 𝑋 ∼ 𝐵𝑒𝑟 𝜎𝛽 ∘ 𝜓 𝑋 .

✓ Solves differentiability issues.
✓ Confidence measure in treatment 

recommendation.

6 𝑆𝑃0
: 𝜓 ↦ 𝐸𝑃0

𝜎𝛽 ∘ 𝜓 𝑋 Δ𝜈𝑃0
𝑋 − 𝛼

Policy optimization objective minimize 𝑅𝑃0
𝜓 with respect to 𝜓 ∈ Ψ

subject to 𝑆𝑃0
𝜓 ≤ 0

1- Direct: Predict the sign of Δ𝜇𝑃0
(𝑥).

2- Indirect: Estimation of Δ𝜇𝑃0
(𝑥).

(ex: T-learner, AIPW/DR-learner)
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We adapt the EP-learning algorithm.

Ψ = 𝐶𝑜𝑛𝑣{𝑥 ↦ 2expit 𝑋𝜃 − 1: 𝜃 ∈ ℝ𝑑}

✓ Avoids the need for projection.

✓ Convergence rate o(inverse number of iterations)

Frank-Wolfe algorithm [6]: constrained optimization algorithm expressing the optimal 
solution as a convex combination of extremal points of Ψ.

Algorithm 1: EP-learner for constrained policy estimation 
1- Obtain J initial cross-validated estimates of nuisance parameters: Ƹ𝑒𝑛,𝑗 , ො𝜇𝑛,𝑗 , Ƹ𝜈𝑛,𝑗

for j = 1, … , 𝐽 do: 
 for 𝛽 ∈ 𝐵 do: 
  for 𝜆 ∈ Λ do: 
   2- Estimate the objective function in j-th fold
    (9) መℒ𝑛,𝑗

∗ : 𝜓 ↦ ෠𝑅𝑛,𝑗
∗ 𝜓 + 𝜆 መ𝑆𝑛,𝑗

∗ 𝜓  

   3- Obtain ෠𝜓𝑛,𝑗  minimizer of (9): 

    𝜓 ∈ argmin{ መℒ𝑛,𝑗
∗ (ψ): ψ ∈ Ψ} 

return ෠𝜓𝑛

• Further develop the first EP-learning step, for estimation of (8).

• Speed-up Frank-Wolfe algorithm.

• Compare to state of the art constrained policy optimization techniques.

Solution

Guarantee that policies do not increase, in average, the probability of the 
adverse event beyond a user-supplied 𝛼 ∈ 0, ½ , using ℙ0 𝜉 0 𝑋  as 
baseline. 

Constraint definition: 

where 𝜈𝑃0
A, X = 𝐸𝑃0

𝜉 𝐴, 𝑋 , and we assume Δ𝜈𝑃0
𝑋 ≥ 0.

5 Δ𝜈ℙ 𝑋 = 𝐸ℙ 𝜉 1 − 𝜉 0 |𝑋 ≜ 𝜈𝑃0
1, X − 𝜈𝑃0

0, 𝑋 = Δ𝜈𝑃0
(𝑋)

CATE for adverse events 𝜉

Treatment effect of 𝜉 within a subgroup 𝑋 ∈ 𝒳, identified under [2],[3],[4], 

Problem (7) can be solved using a Lagrangian.

8 ℒ𝑃0
: 𝜓, 𝜆 ↦ 𝑅𝑃0

𝜓 + 𝜆𝑆𝑃0
𝜓

Ψ × ℝ+ → ℝ

✓ Trade-off: optimizing primary outcome 
and controlling adverse effects.

Figure 2: Evaluation of optimal solutions 𝝍𝝀,𝟎(left), ෡𝝍𝝀,𝒏(right) with 

respect to 𝛌

Figure 2: Treatment recommendations 𝛔𝛃 ∘ 𝛙𝛌,𝟎 (left) 𝛔𝛃 ∘ ෡𝝍𝝀,𝒏 (right) for different 𝛌  

Δ𝑒,𝜇𝑛
∗ ,𝜈𝑛

∗ 𝑂 = 0 ✓ Oracle efficiency

Steps 2 & 3 rely on the Frank-Wolfe algorithm.

Ongoing work: 
• We have ො𝜇𝑛,𝑗 , Ƹ𝜈𝑛,𝑗 initial cross-validated estimators of 𝜇0, 𝜈0.

• Build (9), initial plug-in estimator of (8) for all 𝜓 ∈ Ψ, 

(9) መℒ𝑛
𝑇𝑙𝑟 𝜓 =

1

𝐽
σ𝑗=1

𝐽 መℒ𝑛,𝑗
𝑇𝑙𝑟 𝜓 ,

መℒ𝑛,𝑗
𝑇𝑙𝑟 𝜓 = 𝐸𝑃𝑛,𝑗

0 𝜓2 − 2𝜓 Ƹ𝜇𝑛,𝑗 1, 𝑋 − Ƹ𝜇𝑛,𝑗 0, 𝑋 + 𝜆𝜎𝛽 ∘ 𝜓( Ƹ𝜈𝑛,𝑗 1, 𝑋 − Ƹ𝜈𝑛,𝑗 0, 𝑋 )

Correct the initial estimator መℒ𝑛 to obtain oracle efficient and convex function 
estimator. 
Challenges: • Non convexity of 𝜓 ↦ መℒ𝑛 𝜓 + P𝑛Δ𝜓(𝑃𝑛

0). 

• Complexification of frame proposed in [5] 
• 𝜓 ∈ Ψ non-linear convex space
• Correct two causal contrasts: Δ𝜇𝑛 and Δ𝜈𝑛

Figure 1: Synthetic setting. 
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• 𝜆  𝜎𝛽 ∘ 𝜓𝜆 → 0 for all individuals.

• Estimated policy is similar to oracular policy

• 𝑋 ∼ Unif(0,1)⨂𝑝

• 𝑌 𝑎 = 1 − 2𝑋1 + 𝑋2 − 𝑋3 + ℎ𝑌 𝑋, 𝑠𝑖𝑔𝑛(𝑎) + 𝜖𝑌

• 𝜉 𝑎 = 1 2 + 𝑋1 + ℎ𝜉 𝑋, 𝑠𝑖𝑔𝑛(𝑎) + 𝜖𝜉 > 1.9

• 𝜖𝑌, 𝜖𝜉 ∼ 𝒩(0,1)

• ℎ𝑌 𝑋, 𝑡 = 2 1 − 𝑋1 − 𝑋2 𝑡
• ℎ𝜉 𝑋, 𝑡 = 1 + 𝑋1 − 𝑋2 𝑡

• 𝐴 ∼ Ber 0.5Synthetic data: 

Optimal solutions for fixed 𝛌: • 𝜓𝜆,0 ∈ argmin {ℒP0,λ ψ : 𝜓 ∈ Ψ} • ෠𝜓𝜆,𝑛 ∈ argmin { መℒn,λ
Tlr ψ : 𝜓 ∈ Ψ}

• 𝑛 = 2 000
• 𝑝 = 10
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